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Verification and validation of reconstructed neutron flux based on the maximum entropy method is pre-
sented in this paper. The verification is carried out by comparing the neutron flux spectrum from the
maximum entropy method with Monte Carlo N Particle 5 version 1.40 (MCNP5) and Attila-7.1.0-beta
(Attila). A spherical 100% 235U critical assembly is modeled as the test case to compare the three methods.
The verification error range for the maximum entropy method is 15–21% where MCNP5 is taken to be the
comparison standard. Attila relative error for the critical assembly is 20–35%. Validation is accomplished
by comparing a neutron flux spectrum that is back calculated from foil activation measurements per-
formed in the GODIVA experiment (GODIVA). The error range of the reconstructed flux compared to
GODIVA is 0–10%. The error range of the neutron flux spectrum from MCNP5 compared to GODIVA is
0–20% and the Attila error range compared to the GODIVA is 0–35%. The maximum entropy method is
shown to be a fast reliable method, compared to either Monte Carlo methods (MCNP5) or 30 multi-
energy group methods (Attila) and with respect to the GODIVA experiment.

� 2012 Elsevier Ltd. All rights reserved.
1. Introduction

The method of moments is a very useful approach in the solu-
tion of transport equations for density distributions (Marchisio
et al., May 2003). This procedure however smoothes much of the
information contained in the continuous distribution. The resulting
moments are useful for providing integral information about a dis-
tribution such as the mean number of particles and their mean
size; it is useful to recover the full distribution. In the case of neu-
tron flux moments would provide the average number of neutrons
and their average energy but it is desirable to calculate the contin-
uous energy neutron flux distribution itself (Duderstadt and Ham-
ilton, 1976).

The maximum entropy method provides an elegant means of
reconstructing a density distribution given a finite number of mo-
ments. In general, there are infinitely many continuous distribu-
tions whose moments match the known moments. This is
commonly known as the moment problem (Bandyopadhyay
et al., May 2005). The precise statement of this problem is as fol-
lows: given a finite number of moments, is it possible to find a un-
ique distribution that gives rise to these moments? Additional
constraints are then required to guide the process of finding a con-
ll rights reserved.
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tinuous distribution that fits the known moments. The maximum
entropy method is one such constraint.
2. Overview of the maximum entropy method for
reconstruction of density distributions

The maximum entropy method is based on the concept that the
distribution that maximizes the information entropy is the statisti-
cally most likely to occur. In the context of information theory, the
information entropy S, of a distribution p(x), is given by the integral
in Eq. (1), where X is the support of the distribution. M(x) is the
invariant measure function and is generally a known a priori prob-
ability density function (PDF) based on the problem being solved
(Uhlenbeck et al., 1963).

S ¼ �
Z

X
pðxÞ ln pðxÞ

MðxÞdx ð1Þ

The problem becomes a search to find a p(x) that maximizes the
information entropy S subject to the known moments (Eq. (2)),
where the number of known moments is (N + 1).

lk ¼
Z

X
xkpðxÞdx; k ¼ 0;1;2; . . . ;N ð2Þ

To further the search for a p(x), the method of Lagrangian mul-
tipliers is used by multiplying the definition of the entropy func-
tional with Lagrangian multipliers, kk.
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The maximum of Eq. (1) may be found when the derivatives of
Eq. (3) are zero.

@H
@kk
¼ 0 ð4Þ

@H
@pðxÞ ¼ 0 ð5Þ

Eq. (4) gives the moment constraint back. The mathematical re-
sults of carrying out Eq. (5) are seen in the following equation:

@H
@kk
¼ �

Z
X

ln
pðxÞ
MðxÞ þ 1

� �
dxþ

XN

k¼0

kk

Z
X

xkdx ¼ 0 ð6Þ

The integrals in Eq. (6) must be valid on an arbitrary domain
(X), so the integrand must be zero, Eq. (7) shows this.

� ln
pðxÞ
MðxÞ � 1þ

X
kkxk ¼ 0 ð7Þ

After some algebra, Eq. (8) shows the functional form of p(x).

pðxÞ ¼ MðxÞ exp �1þ
XN

k¼0

kkxk

 !
ð8Þ

The maximum entropy solution is found by solving for the
Lagrangian multipliers kk with a system of nonlinear equations
based on finding kk such that (~lk � lk) is below a certain specified
precision. The moments based on the reconstructed distribution
are ~lk in the following equation:

~lk ¼
Z

X
MðxÞxk exp �1þ

XN

k¼0

kkxk

 !
dx; k ¼ 0;1;2; . . . ;N ð9Þ

The moments ðlkÞ based on the distribution are known via the
method of moments, some other numerical solution or by experi-
ment. Gauss quadrature coupled with Newton’s method can be
used to solve this system of nonlinear equations for ð~lk � lkÞ <
tolerance value.

3. Application of the maximum entropy method to reconstruct
neutron flux spectrum

The maximum entropy method is applied to the reconstruction
of neutron flux spectrum within a 100% enriched 235U critical
assembly and to the GODIVA experiment. Neutron moments are
obtained from the method of neutron energy moments. Neutron
energy moments have been verified (Crawford and Ring, 2012a,
2012b) and validated (Crawford and Ring, 2012a, 2012b) for the
cases in this paper, GODIVA and the 100% 235U critical assembly.
The maximum entropy reconstruction method is verified for neu-
tron flux with the spherical 100% 235U critical assembly modeled
in Monte Carlo N Particle 5 version 1.40 (MCNP5) and Attila-
7.1.0-beta version (Attila) and validated with neutron flux calcu-
lated from foil activation measurements (McElroy et al., 1969)
from the GODIVA experiment (INL NEA/NSC DOC(95)03, Septem-
ber 2010).

Eqs. (1)–(9) can be quickly rewritten in the terms of energy
dependent neutron moments following the same mathematical ap-
proach. Energy dependent neutron flux /ð~r; EÞ is taken to be the
density distribution sought after i.e. pðxÞ is replaced with /ð~r; EÞ
as the distribution to solve for at a specific distance ~r. The mo-
ments, lkare replaced with the energy and position dependent
neutron moments ðmkÞ. The neutron moments, mk’s are known
functions for any given~r (Crawford and Ring, 2012a, 2012b). The
derivation of the maximum entropy approach for neutrons is
shown with Eqs. (10)–(15), (18).

S ¼ �
Z

X
/ð~r; EÞ ln /ð~r; EÞ

MðEÞ dE ð10Þ

mk ¼
Z

X
Ek/ð~r; EÞdE; k ¼ 0;1;2; . . . ;N ð11Þ
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Gauss Quadrature was used for integrating the moments in con-
junction with Newton’s Method to solve for the Lagrangian multi-
pliers ð ~mk �mkÞ < tolerance value. The tolerance for the Newton
solver is 1E�6 and it is extremely sensitive to the initial guesses.
The initial guesses ranged: 1.79E�02 for k0, �1.83E+00 for k1,
8.57E�01 for k2, �2.02E�01 for k3, 2.27E�02 for k4 and
�9.30E�04 for k5. The invariant measure function M(E) is chosen
to satisfy the condition /ð~r; E ¼ 0Þ ¼ 0 and is a previously known
possible PDF for the distribution of the neutrons in the system.
Many functions can satisfy the condition just mentioned but
M(E) also needs to be a possible known spectrum. The Watt fission
spectrum i.e. v ¼ a expð� E

bÞ sinhð
ffiffiffiffiffi
cE
p
Þ where a, b and c are con-

stants based on the fissile isotope (Shultis and Faw, 2002, pp.
176–177) matches the conditions mentioned. The constants a, b
and c were chosen to match the isotope mix of GODIVA.

4. Results and discussion

The reconstructed neutron flux is compared to the MCNP5 and
Attila neutron flux spectrum at two different radii within the
spherical critical assembly. The energy range in Figs. 1–3 for the
spectrum plots is 1E�10 to 10 MeV. The flux spectrum at the cen-
ter of the GODIVA experiment was determined with foil activation
measurements (McElroy et al., 1969). The data for the GODIVA
spectrum can be found in the McElroy reference in the reference
section in this paper. Plots 1 and 2 compare the flux spectrum of
the three computational methods at a 1 cm radius within the
spherical critical assembly and at the sphere edge, 8.35 cm. Fig. 3
compares the neutron flux spectrum from the three computational
methods with the flux spectrum from the GODIVA experiment.

The MCNP5 spectrum in Figs. 1 and 2 has 1000 data points,
based on the energy bins used in conjunction with an f2 tally.



Fig. 1. Comparison plot of the three computational methods flux spectrum 1 cm
radius within the spherical critical assembly.

Fig. 2. Plot of the neutron spectrum for the three computation methods at the edge
of the spherical critical assembly.

Fig. 3. Comparison plot of the three computational methods with the neutron
spectrum from GODIVA, relative error is with respect to the GODIVA flux
measurements.

Table 1
List of the% relative error of the maximum entropy method with
respect to MCNP5 at various radii within the spherical critical
assembly.

Radius from center within
spherical critical assembly (cm)

% Relative error with
respect to MCNP5 (%)

1 15
2 15
3 15
4 16
5 17
6 18
7 18
8 20
8.35 21
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MCNP5 has become the gold standard for comparison so the rela-
tive errors were based on the MCNP5 continuous flux spectrum. Er-
ror bars are not explicitly shown in Figs. 1 and 2 to keep the figures
clean and readable. The relative error listed in the titles of Figs. 1
and 2 is the error comparison of the maximum entropy method
with MCNP5 computation of the neutron flux. Figures at the other
radii within the spherical critical assembly i.e. 2 cm, 3 cm, 4 cm,
5 cm, 6 cm, 7 cm and 8 cm look extremely similar to Figs. 1 and
2, so they were not included for briefness. The neutron flux shape
did not change significantly enough from the center of the spheri-
cal critical assembly to the outer edge only the relative error chan-
ged and this is seen by comparing the differences between the flux
shapes in Figs. 1 and 2. Table 1 shows the relative error of the max-
imum entropy method with MCNP5 at each radius from the center
of the spherical critical assembly.

MCNP5 is based on the Monte Carlo numerical method (Los Ala-
mos National Lab, April 24, 2003); Attila is a 30 energy group, SN,
PN, finite element code. The Attila 30-energy group library struc-
ture is found in two literature sources (Crawford and Ring) and,
(Crawford and Ring) is not reiterated in this document.

The% relative error in the maximum entropy reconstruction
method is likely from the higher order neutron energy moments,
specifically 4 and 5 which are 10% and 14% off of the MCNP5 mo-
ments (Crawford and Ring). The higher relative error towards the
critical assembly edge is because neutron diffusion theory starts
to break down at 3 mean free paths near a system boundary (La-
marsh, 1966). The neutron diffusion theory limitation was ob-
served in the comparison of the neutron energy moments as
well. The overall results shown by Figs. 1–3 show the maximum
entropy method produces a general 1/E shape and this is consistent
with the 1/E theoretical spectrum that is expected from a fast crit-
ical assembly or reactor (Duderstadt and Hamilton, 1976).

The major difference between maximum entropy flux spectrum
and the other two methods as well as GODIVA is where the turn-
over point is i.e. where the maximum of the peak in the curve oc-
curs. The maximum point in the maximum entropy flux and
MCNP5 is at roughly E = 0.23 MeV. A measurement of neutron flux
near 1 � 10�10 MeV was not made for GODIVA so there is not a real
comparison at this energy. The neutron flux at a very narrow en-
ergy region i.e. 0 to 1 � 10�10 is not easily calculated in MCNP5.
The relative error for this energy range is 58%, and a value of 0,
which means that the value is not meaningful (Los Alamos Na-
tional Lab, April 24, 2003, p. 1.7). Neutrons scatter down to thermal
energies and will up scatter (Weinberg and Wigner, 1958) to pop-
ulate the thermal region of the neutron spectrum at some operat-
ing temperature, more work needs to be done to determine if this
phenomenon is captured by the maximum entropy reconstruction
method. The general 1/E shape is very promising and does capture
the neutron physics of the fast spherical 100% 235U critical assem-
bly and the GODIVA experiment.

Fig. 3 shows the maximum entropy spectrum is in good agree-
ment with the GODIVA spectrum, the relative error range is 0–10%
from reported values, (see McElroy et al., 1969). MCNP5 flux spec-
trum relative error range is 0–20% from GODIVA data and the Attila
relative error range is 0–35% from GODIVA. The GODIVA spectrum
has a very strong 1/E shape.

5. Conclusion

Overall the maximum entropy method applied to reconstruct a
neutron flux spectrum from known neutron energy moments com-
pares well to standard computational methods and the GODIVA
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experiment. The neutron flux spectrum calculated from the maxi-
mum entropy method has a relative error range of 0–10% with re-
spect to GODIVA and a relative error range with respect to MCNP5
of 15–23%. The results of the research indicate the maximum en-
tropy method is effective for reconstructing neutron flux spec-
trums in conjunction with the method of neutron energy
moments. It holds great promise as a computationally fast reliable
method to calculate a full energy neutron flux spectra.
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